By including an additional self-dual three-form we construct a Lorentz invariant lagrangian for the abelian (2, 0) tensor supermultiplet. The extra three-form is a supersymmetry singlet and decouples from the (2, 0) tensor supermultiplet. We also present an interacting non-abelian generalization which reproduces the equations of motion of [1] and can describe some aspects of two interacting M5
Introduction
There are good reasons to believe that there is no lagrangian formulation for the sixdimensional (2, 0)-theories that describe M5-branes. Some of the various arguments can be summarised as follows:
• Let us reduce the (2, 0)-Theory on a compact four-manifold M. The presence of the self-dual 3-form would lead to σ(M) = b + 2 (M) − b − 2 (M) chiral bosons in the resulting two-dimensional theory. If one had an action then one would expect there to be a modular invariant partition function coming from the SL(2, Z) of large diffeomorphisms in the remaining two-dimensions. However such an partition function only exists if σ is a multiple of 8. In particular one expects to be able to embed CP 2 , which has σ(M) = 1, in to M-theory and the resulting two-dimensional theory cannot have a modular invariant partition function [2] .
• Dimensional reduction of the su(2n) (2, 0)-Theory on S 1 , along with an outer automorphism twist, leads to five-dimensional maximally supersymmetric Yang-Mills with gauge group so(2n + 1). But so(2n + 1) is not a subalgebra of su(2n) for generic n [3] .
• The standard M-theory dictionary implies that if we dimensionally reduce the (2, 0)-Theory on S 1 of radius R we should find five-dimensional maximally supersymmetric Yang-Mills with coupling proportional to R, meaning that the five-dimensional action is inversely proportional to R. However dimensional reduction of an action in sixdimensions naively leads to a five-dimensional action that is directly proportional to R [4] .
• There are no satisfactory deformations of the free Lagrangian [5] . In addition there are is no sequence of interacting six-dimensional superconformal field theories that converge to a free theory [6] .
• There are no interacting lagrangians in six-dimensions with an energy-momentum tensor that is bounded from below unless one introduces power-counting non-renormalizable terms [7] . However the (2, 0) theory is a conformal field theory and should have no dimensionful parameters and be UV complete.
These arguments are quite convincing and hence we don't expect to find a definitive lagrangian for the interacting (2, 0) theory. However it is worth exploring what lagrangian structures exist and what they can do. Furthermore by hunting for unicorns we may find other creatures that are useful in understanding the theory more generally. In particular there are some possible ways out of the first two points:
• Rokhlin's theorem states that for any compact four-dimensional spin manifold σ(M)
is a multiple of 16 and hence the dimensionally reduced theory can have a modular invariant partition function. The problem could be that the action must be coupled to background fields in a non-standard way so as to allow for a non-spin manifold such as CP 2 .
• For n = 1 so(3) = su(2) so this objection fails. This is reminiscent of the M2-brane story for which a lagrangian with all the supersymmetries manifest only exists for two M2's.
This work was influenced by Sen who has introduced a method to formulate an action for self-dual abelian fields in 4n+2 dimensions [8, 9] . This construction has the feature that the coupling to gravity is somewhat non-standard so that diffeomorphisms act differently from usual and hence provides hope that the first and third issues can be overcome, although we will not discuss this here.
Thus the purpose of this paper is twofold. The first is to construct a new action for the abelian (free) (2, 0) multiplet. We do this by introducing an additional self-dual three form which is a supersymmetry singlet. The second is to explore how one might generalise it to a non-abelian theory, at least for two M5-branes, and see how far we get. In the latter case we must be willing to be suitably creative. We will postpone for later the issue of whether or not the resulting dynamical theories are well-defined and how much of the (2, 0) theory they capture. We are more interested in exploring the possible structures with a hope that they will lead to additional insights that will be fruitful, even without a lagrangian. For other recent related work see [10] and for a more mathematical perspective [11, 12] .
The rest of this paper is organised as follows. In section 2 we will review the construction of Sen for the particular case of a self-dual three-form in six-dimensional Minkowski space. In section 3 we will adapt this to the case of an abelian supersymmetry (2, 0) multiplet, including potential external interactions. In section 4 we will examine how we might introduce an interacting (2, 0) theory, leading to an action (or more precisely a family of actions) which reproduces the equation of motion of the (2, 0) theory of [1] . Finally in section 5 we state our results and conclusions.
The (2, 0) Multiplet and Sen's Prescription
The linearised equations of motion for the (2, 0) tensor multiplet can be written as
where H = ⋆H is a self-dual 3-form and Ψ is a chiral spinor with 8 real on-shell degrees of freedom: Γ 012345 Ψ = −Ψ. We use conventions where µ, ν = 0, 1, 2, 3, 4, 5, I = 6, 7, 8, 9, 10, η µν = diag(−1, 1, 1, 1, 1, 1), ε 012345 = 1 and (Γ µ , Γ I ) form a real representation of the Spin(1, 10) Clifford algebra and all spinors are real.
These equations are invariant under the on-shell (2, 0) supersymmetries:
where Γ 012345 ǫ = ǫ. These close, on-shell, onto translations. Alternatively one often introduces a two-form b so that H = db with δb µν = iǭΓ µν Ψ.
Let us now review the action proposed in [8, 9] :
Here we have relabelled fields so as to conform more closely to the standard (2, 0) literature. In particular, in the notation of [8, 9] 
We have also split the interaction term L I that appears in [8, 9] into one that depends on H and the rest L m which includes the kinetic terms for the remaining fields to facilitate our discussion.
We use a convention where, for a p-form ω,
The Hodge dual acts on p-form components as
This satisfies ⋆ 2 = 1 on odd forms, ⋆ 2 = −1 on even forms and ω ∧ ⋆χ = χ ∧ ⋆ω for two p-forms.
Next we observe that the equations of motion for B and H that result from this action can be written as
where the anti-self-dual 3-form R is defined by
Note that R = − ⋆ R by construction † . Thus we see that there are two self-dual 3-forms 1 2 (dB + ⋆dB) and H. The first one has the wrong sign kinetic term but, as shown in [9] , the † We have also rescaled R → −2R compared to [8, 9] . combination 1 2 (dB + ⋆dB) + H is free (closed) and decouples. This is most transparently seen in the Hamiltonian formulation. Thus it can be safely discarded from any physical quantities. The physically relevant 3-form is H which is not closed but rather has a source:
where J = − ⋆ dR is a 2-form current. Of course these two equations are equivalent and can also be written more succinctly as d(H + R) = 0 but the above form seems more suggestive. Note that since R = − ⋆ R one can't simply solve this by taking H = −R + dC and imposing dC = ⋆dC.
3 An Abelian (2,0) Action
Our first task is to extend the action (3) to the free (2, 0) multiplet by setting L int = 0 and choosing a suitable L m . Thus we consider
where η is a constant to be determined. In particular the usual sign kinetic term for B requires η < 0. We postpone interaction terms to the next section. Here we wish to establish supersymmetry of this free action. To this end we consider the ansatz:
Note that we have to modify the on-shell transformation for H that was in (2) to ensure that δH is self-dual off-shell.
We find the action (9) is invariant if
Furthermore closure on X I leads to the translation
On the other hand on-shell closure on the fermions requires that
However we have a reducible representation of supersymmetry as there are two self-dual 3-forms: dB + ⋆dB and H. In particular we observe that
satisfies δH (s) = 0 and hence is a supersymmetry singlet (of course if α = 0 then H is the supersymmetry singlet). We also note that for the general form of the action (9) the free combination is
Therefore we choose
so that H (f ) = H (s) (if α = 0 then we would take η = 0 and H f ree = H (s) = H). This in turn implies α 2 = 36η so that η > 0 and hence B must have the wrong sign kinetic term.
The action (9) has the peculiar symmetrỹ
where (i v H) µν = v λ H µνλ and v λ is any constant vector. Note thatδH (s) = 0. We can now evaluate the closure on B and H to find
where v ρ = −2β 2 iǭ 2 Γ ρ ǫ 1 and the first term in [δ 1 , δ 2 ]B µν is a gauge transformation. Onshell, i.e. for dH = 0, we have
so that the supersymmetries close onto a translation of H and to find the same transformation that we did for X I and Ψ requires β = ±1. For B we can re-write the closure as
Here the first term is a translation, the second a gauge transformation and second line, on-shell, is just H (s) .
For concreteness and to agree with the conventions in section 2 we take (changing the sign of β merely changes the signs of α and γ)
In summary the action is
and this is invariant under the supersymmetry
where we have also extended our results to allow for superconformal symmetries with
Note that the last term in δH µνλ is self-dual. For constant ǫ and on-shell fermions this agrees with the abelian supersymmetries in [1] (except that B µν , and hence δB µν , does not appear there).
External Interactions
Next we want to see if we can introduce an interaction term into the action while preserving supersymmetry. In this section we will restrict to cases where the interactions arise from external sources and not from the fields in the (2, 0) multiplet. To begin with we take
where L int (H) depends on H but not X I , Ψ or B. Such terms appear in [8, 9] as the coupling of H to the metric and external sources.
Taking its variation under supersymmetry we find
where we have used the fact that R = − ⋆ R. Clearly this will be invariant if dR = 0 and this will also preserve the symmetryδ. However dR = 0 also means that the source J = 0.
To proceed we assume that d ⋆ dR = 0 so that we can write
for some j. Thus in the notation of section 2 we have J = − 1 2 dj. We further assume that j can be chosen to satisfy d ⋆ j = 0 .
This second condition can be viewed as a sort of Lorentz gauge choice of j: ∂ µ j µ = 0. Or alternatively that j µ can be thought of as a traditional 1-form conserved current. Note that this condition implies that we can write the H equation as:
In this case we have
which means that we can restore supersymmetry of the action by replacing
Comments On Alternative Prescriptions
For educational purposes let us consider alternative ways to introduce an interaction term L int that depends on B instead of H. In this case we write
If we look at the supersymmetry then we find
To continue we assume that
We now see that
and again we can cure this by the replacement
In this case the equations of motion for H and B lead to
Here the natural self-dual supersymmetry singlet is dB but this is not consistent with supersymmetry of the action since β = 0 cannot solve the constraints (11) and (13) . We could take H to be the supersymmetry singlet, so α = 0 (and we take β = 1, γ = −1/2, η = −1/4), but then we simply have an interacting supersymmetry singlet H along with with a free (2, 0) multiplet (B, X I , Ψ).
Lastly we can also consider a linear combination of the two interaction terms. In particular if we had a sources which satisfy R = − ⋆ R and also T = ⋆dR then the action remains supersymmetric as
In this case we find the equation of motion are
Here dH = 0 but H (s) has a source
where now J = − ⋆ dR. But again this is not very interesting as we simply have an interacting self-dual three-form H (s) , which is invariant under supersymmetry, along with a decoupled free (2, 0) multiplet (H, X I , Ψ).
Non-Abelian Extensions

Flat Gauging
It is possible to include gauge fields into the above action so long as their equation of motion sets them to be flat. In this way we do not introduce any new local degrees of freedom.
To this end we assume that each of the fields above take values in a real vector space V with positive definite inner-product ·, · and basis T a , a = 1, .., N . We then introduce a covariant derivative D µ X I = ∂ µ X I −Ã µ (X I ) which in component form is
where (T r ) a b , a, b = 1, ..., N , form an N -dimensional representation of a Lie-algebra G with r = 1, ..., dim(G). We have used a tilde to denote the fact that the fields take values in the Lie-algebra G that acts on the vector space V where the other fields live. We also assume that there is an invariant inner-product on G which we denote by (·, ·).
The action is now
We have introduced a Lagrange multiplier 4-formW that takes values in G and which ensures thatÃ is a flat connection. Note that there is a gauge symmetryW →W + DΛ.
This action is supersymmetric if we simply replace ∂ µ → D µ in (23) and furthermore take
(45)
Here we have introduced a three-algebra structure on V which is a tri-linear map [·, ·, ·] : V ⊗ V ⊗ V → V that is compatible with the gauge symmetry. To obtain such a structure one starts by constructing mapsφ
given byφ(U, V ) = r U,T r (V ) T r where we have used the inner-product on G to raise the r-index on the generatorsT r . This in turn allows us to define a triple product on V as ‡
where f cdb a = rT r cdT ra b . The compatibility condition means that we assume
We will use this relation repeated in what follows. As a result of the of the Jacobi identity the triple product satisfies the fundamental identity
For a positive definite innerproduct ·, · there is a unique example of an irreducible finitedimensional three-algebra where [·, ·, ·] is a totally anti-symmetric [13, 14] . In particular V = R 4 and the associated Lie-algebra is su(2) ⊕ su(2).
An Interacting Non-abelian Action
Next we want to consider the case where we have non-abelian interactions between the fields of the (2, 0) tensor multiplet. It is easy to see that there are no choices for L int that depend on H, X I and Ψ without introducing coupling constants with negative mass-dimensions and which are therefore, at least naively, non-renormalizable. Another problem is that the condition d 2 = 0 featured heavily in the abelian analysis above but in a non-abelian theory D 2 ∼F = 0. So we proceed we must indulge ourselves in some form of shady speculation. ‡ Note that we do not assume here any symmetry properties of [·, ·, ·]
In this section we follow the route explored in [1] which presents an interacting system of equations of motions for a set of fields (H, X I , Ψ,Ã µ ) that generalises the free equations of motion constructed above and which are invariant under (2, 0) supersymmetry. So here we wish to see if we can construct a lagrangian for this system along the lines outlined above.
In order to construct interactions the (2, 0) system in [1] introduces a non-dynamical vector field Y µ § with scaling dimension −1 which takes values in V and satisfies the constraints
Here the three-algebra is totally anti-symmetric and so we take V = R 4 leading to the gauge algebra su(2) ⊕ su (2) . The second condition asserts that the non-abelian part of the theory is restricted to only depend on five of the coordinates orthogonal to Y µ . The equations of motion are
Let's not worry about supersymmetry for now and look for a lagrangian that reproduces these equations of motion. We will assume that all the constraints (50) are imposed. Months of trial and error lead to the following lagrangian ¶
whereW
and we introduced the modified connection
(54) § Y µ was denoted by C µ in [1] ¶ More precisely we should think of these as a family of lagrangians parameterised by the choice of Y whose interacting part is five-dimensional.
This derivative has the effect of alleviating the D 2 = 0 problem that we mentioned above. In particular it enables the DB ∧ DB term which vanishes if D = D.
For Y µ = 0 we obtain the flat-gauged theory above but for Y µ = 0 the Lagrange multiplierW (Y ) has led to a source term for H of the form
However we need to worry about the self-dual part ofW (Y ). Without coupling this to something the equations of motion will be over constrained. To this end we have included a coupling of the self-dual part ofW (Y ) to the anti-self-dual part of DB. This also can be accommodated by a shift
. Let us look at the equations of motion. This action immediately reproduces the correct X I and Ψ equations of (51). The H equation of motion implies that
whereas theW equation of motion implies
Putting these together we find
where in the last line we have used the constraint [Y µ , Y ν , · ] = 0 along with the fundamental identity. Thus we find agreement with (51).
Next let us examine theÃ equation of motion
where ⋆W is the two-form Hodge dual ofW and the second line comes from the DB ∧DB term. Finally the B equation of motion is
where the second line arises from the non-trivial dependence of D on B and the third line from the DB ∧ DB term. Remarkably, putting all these equations together we simply find
which exactly reproduces the H equation in (51). In particular the field B has decoupled in the sense that it does not appear in the equations of motion for the X I , H and Ψ fields.
Last but not least one can check that the action (52) is invariant under the supersymmetry transformations
For δX I , δÃ and δΨ these transformations agree with the on-shell supersymmetries of [1] but δH differs as here it must be self-dual off-shell (but agrees when the fermions are on-shell). In addition since we have recovered the equations of motion of [1] it follows that the supercurrent
is conserved.
As before the action involves the fields of the (2, 0) tensor multiplet plus an additional self-dual three-form. The naive extension of the abelian case, H (s) = 1 2 (DB + ⋆DB) + H, is no longer a supersymmetry singlet as δÃ = 0. However for the supersymmetry transformations (62) one finds that
satisfies δH (s) = 0.
Conclusions
In this paper we have applied the construction of [8, 9] to the action of a (2, 0) tensor multiplet in six dimensions. In particular in section 3 we constructed an action for the abelian, free, (2, 0) tensor multiplet by introducing an additional two-form field and identifying a certain linear combination of the resulting self-dual three forms as a supersymmetry singlet. We also discussed how one might introduce an external source for the self-dual three-form. In section 4 we constructed a non-abelian action for the interacting (2, 0) system of equations of [1] . This lead to a family of Lagrangians, parameterized by a choice of a 3-algebra valued vector Y µ which have six-dimensional Lorentz covariance which are invariant under a (2, 0) supersymmetry. The appearance of a covariantly constant vector is reminiscent of the PST construction [16] . However the interacting part of the lagrangian is constrained to only depend on the coordinates orthogonal to Y µ .
One of the main goals of this work was to explore the sorts of constructions and structures that might feed into a better understanding of the non-abelian (2, 0) theories, whether or not a lagrangian of any utility exists. We don't expect to be successful in constructing a lagrangian that unambiguously defines the (2, 0) theory but we do hope that our discussion could have some use. For example the appearance of the two derivatives D and D are curious. Since Y picks an isometric direction this kind of coupling of the B-field is also reminiscent of a local manifestation of the ideas presented in [17] .
More generally perhaps there are several lagrangian descriptions, each of which captures some aspects of the (2, 0) theory, and that we should learn how to somehow patch these together, like charts covering a manifold. In particular the (2, 0) systems discussed here are parameterised by a choice of Y µ and fall into three categories depending on whether Y is spacelike, timelike or null. In each of these cases a maximally supersymmetric lagrangian in five-dimensions does exist, see [1, 18, 19] respectively. In this sense the main idea of the non-abelian section of this paper is to find a unifying six-dimesional lagrangian structure for these. It could be insightful to reproduce those lagrangians from the one presented here. It would also be interesting to see if one generalise this action to include M2-branes as in [20] .
Even for the abelian case it could be interesting to compactify it on S 1 using the nonstandard coupling to a background metric and hence S 1 radius that arises [8, 9] . This might provide an alternative perspective that can circumvent the argument of [4] .
In addition we would like to comment that although the flat gauged theory constructed in section 4.1 may not seem very profound the vacuum moduli space of M2-branes can also be obtained in this way, starting from a free theory. Indeed the ABJM model also includes a gauge field that is a supersymmetry singlet. In particular in three-dimensionsW is a one-form and for abelian gaugings the Lagrange multiplier termF ∧W can be re-written as a difference of two Chern-Simons terms with opposite levels. In that case the flat-gauged theory arises as the low energy effective action on the M2-brane vacuum moduli space and plays an important role in the eleven-dimensional spacetime interpretation. So perhaps one can make more sense ofF ∧W term in six dimensions, without necessarily understanding the full non-abelian theory.
